"Pseudo-critical" exponents of one-dimensional models displaying a pseudo-transition at finite temperatures are examined in detail. The pseudo-transition is characterized by intense sharp peaks in physical quantities such as specific heat and magnetic susceptibility, which are reminiscent of divergences accompanying a continuous (second-order) phase transition. The question whether these robust finite peaks follow some power law around the pseudo-critical temperature is addressed. Although there is no actual divergence of these quantities at a pseudo-critical temperature, a power-law behavior fits precisely both ascending as well as descending part of the peaks in the vicinity but not too close to a pseudo-critical temperature. The specific values of the pseudo-critical exponents are rigorously calculated for a class of one-dimensional models (e.g. Ising-XYZ diamond chain, coupled spin-electron double-tetrahedral chain, Ising-XXZ two-leg ladder, and Ising-XXZ three-leg tube), whereas the same set of pseudo-critical exponents implies a certain "universality" of pseudo-transitions of one-dimensional models. Specifically, the values of the pseudo-critical exponents for one-dimensional models are: α = α ′ = 3 for the specific heat, γ = γ ′ = 3 for the susceptibility and ν = ν ′ = 1 for the correlation length.
I. INTRODUCTION
Most one-dimensional systems in thermal equilibrium do not undergo a phase-transition at finite temperatures. Several arguments have been put forward giving support to the above statement as, for example, the one based on the entropic contribution of domain walls by Landau and Lifshitz [1] , the Perron-Frobenius theorem for the non-degeneracy of the largest eigenvalue of a positive finite transfer matrix [2] , and the van Hove's theorem stating that the largest eigenvalue of a one-dimensional transfer matrix is an analytic function [3] . A true phasetransition in one-dimensional equilibrium systems may develop either when the model system depicts long-range interactions or when a given interaction strength or a local degree of freedom diverges [4] [5] [6] . Recently, Sarkanych et al. [7] proposed an interesting one-dimensional Potts model with "invisible states" and short-range coupling. By term invisible, they refer to an additional energy degeneracy, which contributes to the entropy, but not the interaction energy.
Later, Cuesta and Sanchez [8] summarized van Hove's theorem is valid only under the following conditions: (i) the system must be homogeneous, excluding automatically inhomogeneous systems, i.e., disordered or aperiodic systems; (ii) the Hamiltonian does not include particles position terms, such as, external fields; (iii) the system must be considered as hard-core particles, while point-like or soft particles may be excluded. Then, Cuesta and Sanchez [8] generalized the non-existence theorem of phase transition at finite temperatures. The extended theorem takes into account an external field and point-like particles, which broadens the Van Hove's theorem, although this is not yet a fully general theorem. For example, this theorem cannot be applied for mixed particle chains or when more general external fields are considered.
Recent exact calculations for a few paradigmatic models bear evidence of remarkable "pseudo-transitions" of one-dimensional lattice-statistical systems with shortrange and non-singular interactions [9] [10] [11] [12] . The terms "pseudo-transitions" and "quasi-phases" were introduced by Timonin [13] in 2011 by investigating the Ising spin ice in a magnetic field when referring to a sudden change in the first derivative and a sharp peak in the second derivative of the free energy although there are neither true discontinuities nor divergences in the appropriate derivatives of the free energy. The pseudo-transitions are thus reminiscent of discontinuous (first-order) phase transitions due to abrupt temperature-driven changes of entropy, internal energy and/or magnetization though these quantities display close to a pseudo-critical temperature steep but continuous variations instead of real discontinuities owing to analyticity of the free energy [14] . On the other hand, the pseudo-transitions of onedimensional lattice-statistical models are also reminiscent of continuous (second-order) phase transitions due to massive rise of the correlation length, specific heat and susceptibility in a vicinity of the pseudo-critical temperature though these quantities exhibit very sharp and robust finite-size peaks instead of actual divergences [14] . The question whether these sizable peaks follow some power-law behavior near the pseudo-critical temperature is therefore quite intriguing and will be the main subject matter of the present work. It will be verified that these physical quantities indeed follow sufficiently close but not too close to a pseudo-critical temperature power laws. In addition, it will be demonstrated that the power-law behavior of seemingly diverse one-dimensional lattice-statistical models can be described by a unique set of "pseudo-critical" exponents, which enables us to conjecture the universality of "pseudo-transitions" of onedimensional models.
A further investigation of pseudo-transitions and quasi-phases of one-dimensional spin systems was considered in Ref. [15] , where the correlation function around the pseudo-transition temperature was discussed. The origin of pseudo-transition is however still not fully understood yet. The residual entropy at zero temperature has been shown to be a good indicator of the pseudotransition as evidenced in Ref. [16] .
The present work is organized as follows. In Sec. 2 we will derive analytic expressions for pseudo-critical exponents of the correlation length, specific heat and magnetic susceptibility for one-dimensional lattice-statistical models, which can be rigorously mapped onto the effective Ising chain. In Sec. 3 we will specifically consider two particular cases from this class of exactly solved onedimensional models: the spin-1/2 Ising-XYZ diamond chain and the coupled spin-electron double-tetrahedral chain. In Sec. 4 we will further verify the universality of pseudo-critical exponents by assuming another two exactly solved one-dimensional lattice-statistical models falling beyond this class of models: the spin-1/2 Ising-XXZ two-leg ladder and the spin-1/2 Ising-XXZ three-leg tube. Finally, our paper ends up with several concluding remarks and future outlooks.
II. PSEUDO-CRITICAL EXPONENTS
It is firmly established that several one-dimensional models, which can be viewed as the Ising chain decorated by arbitrary but finite lattice-statistical system (see Fig.  1 for a schematic representation), are exactly tractable by taking advantage of a generalized decoration-iteration transformation [17] [18] [19] [20] [21] [22] . The decoration-iteration transformation furnishes a rigorous mapping correspondence between the decorated one-dimensional models and the effective Ising chain. This result would imply that the pseudo-critical exponents of the decorated models can be obtained from the generic Ising chain given by the effective Hamiltonian
where K 0 , K and h eff are effective temperaturedependent parameters unambiguously given by the 'selfconsistency' condition of the decoration-iteration transformation [17] [18] [19] [20] [21] [22] . By imposing the periodic boundary condition the effective Ising chain can be readily solved by the transfer-matrix method, whereas the corresponding transfer matrix can be generally expressed as follows [14] 
The Boltzmann factors pertinent to each sector (i.e. transfer-matrix element) n = {−1, 0, 1} are given by
where β = 1/(k B T ), k B is Boltzmann's constant, T is the absolute temperature, ε n,k labels the energy spectra for each sector k = {0, 1, . . .} and g n,k denotes the respective degeneracy of each energy level. It follows from the transfer-matrix approach that the partition function can be expressed in terms of transfer-matrix eigenvalues
, which are explicitly given by
Then, the free energy attains in the thermodynamic limit (N → ∞) the following simple expression
Notice that all elements of the transfer matrix V are strictly positive, except at zero temperature. Therefore its eigenvalues are distinct and analytical according to Eq. (4), in agreement with the Perron-Frobenius theorem for matrices with all positive matrix elements. This implies in the absence of a true finite-temperature phasetransition in the one-dimensional Ising model.
A crossing of the transfer matrix eigenvalues would be required to achieve non-analiticity of the free-energy as it is expected in a phase-transition. It has been recently argued [14] that a pseudo-transition may occur when the following condition is satisfied:
which can be reached at finite temperatures in a large class of effectively one-dimensional model systems. In what follows, we will unveil the leading behavior of some typical thermodynamic quantities under the above condition. For further convenience, it is therefore useful to define the small-size parameterw 0 = w0 |w1−w−1| → 0, which is suitable for Taylor series expansion. At first, let us consider the particular case when w 1 > w −1 , then, the free energy (5) becomes
The last term of the second logarithm satisfies the following condition
and this condition guarantees convergence of the Taylor series expansion aroundw 0 = 0. Hence, the first term will be more relevant than the higher-order contributions arising from the Taylor series expansionw 0 → 0. Analogously, the similar expression can be obtained for the other particular case w 1 < w −1 by a mere inter-change of w 1 ↔ w −1 . To summarize, the free energy (5) can be recast using the Taylor series expansion aroundw 0 → 0 to the following form
wherew 1 = w 1 = w −1 , and w 0 =w 0 under the specific condition w 1 = w −1 . It is important to stress that the additional condition |w 1 − w −1 | ≫ w 0 must the fulfilled for the validity of the above asymptotic expansions when w 1 = w −1 .
In order to characterize the power-law behavior emergent close to the pseudo-transition, it is useful to rewrite the Boltzmann factor in terms of the relative difference τ = (T p − T ) /T p between temperature T and pseudocritical temperature T p , defined as the temperature at which w 1 (T p ) = w −1 (T p ). To this end, one can use another Taylor series expansion of Boltzmann factors around β → β p , where
Thus, the Boltzmann's factor can be expanded using Taylor series as a function of the inverse temperature β around β p , as follows
Introducing the notation w n (β p ) =w n and a nwn = ∂wn(β) Tp ∂β β=βp the above equation can be simplified to
Further, let us express the expression w 1 − w −1 entering into the denominator of Eq. (9) using this expansion
From this formula one readily attains the following relation
which is quite helpful for obtaining the coefficients of power laws pertinent to several physical quantities. An explicit formula for this parameter is given by Eq. (A8) in Appendix A. We emphasize that the development of power-law behavior is conditioned to Eq.(6) which implies that it is expected to hold when τ >w 0 /(w 1 |a 1 − a −1 |). The condition τ → 0 implies thatw 0 w1|a1−a−1| → 0, consequently, we must have a 1 = a −1 . Therefore, it fails very close to the pseudo-critical temperature at which the thermodynamic functions are actually analytic.
A. Correlation length
The power-law behavior of the correlation length may be obtained analytically by manipulating the relation (13) . First, let us rewrite w1 w−1 into the form
Furthermore, one gets the following expression by performing the logarithm of Eq. (14) in the limit of τ → 0
The correlation length close to the pseudo-transition can be expressed as follows
Using the leading-order term as given by Eq. (15), the correlation length (16) reduces in general to
where c ξ = 1 |a1−a−1| is constant independent of temperature. Consequently, around the pseudo-critical temperature, the correlation length generally follows the powerlaw function
whereas the relevant pseudo-critical exponent becomes ν = 1. We recall that this result fails very near the pseudo-critical point at which the correlation length remains finite. However, there may have a finite range of temperatures in the close vicinity of the pseudo-critical point on which a clear power-law behavior may develop, as we will illustrate in the forthcoming sections.
B. Specific heat
Another physical quantity of interest is the specific heat and its pseudo-critical exponents α. To determine the pseudo-critical behavior of the specific heat, let us at first rewrite the free energy (7) for w 1 > w −1 , and using the relation (12) in the following form
By considering only the leading-order term from the Taylor series expansion, the free energy reduces to
where c f = w0 w1
2 Tp
is a constant independent of temperature. For w 1 < w −1 , we have a very similar expression c f = w0 w1
2 Tp (a−1−a1) . Now, one may perform a derivative of the free energy with respect to temperature. In doing so, one gets the following expression for the entropy as a function of the temperature
The above equation can be straightforwardly used in order to obtain the formula governing temperature variations of the specific heat in a vicinity of the pseudocritical temperature
It is obvious from Eq. (23) that, around the pseudocritical temperature, the specific heat follows the power law
whereas the relevant pseudo-critical exponent is α = 3. Again, this singularity becomes rounded as one ultimately approaches the pseudo-critical temperature.
C. Magnetic Susceptibility
Last but not least, let us explore the power-law behavior of the magnetic susceptibility around the pseudocritical temperature. For this aim, we will at first derive the explicit formula for the magnetization
It is important to note that the parameters T p and h p are constrained by the relation w 1 (T p , h p ) = w −1 (T p , h p ), which was denoted merely asw 1 =w −1 . The isothermal susceptibility is determined in the vicinity of the pseudocritical temperature just by the lowest-order term from the Taylor series expansion
where
with w 1,hp = ∂w1 ∂h | hp and w −1,hp = ∂w−1 ∂h | hp . The Eq.(27) is valid for both condition w 1 > w −1 or w −1 > w 1 . Accordingly, the magnetic susceptibility follows the power law
around the pseudo-critical temperature, whereas the relevant pseudo-critical exponent is γ = 3. This power-law behavior ultimately rounds in the very close vicinity of the pseudo-critical temperature at which the magnetic susceptibility remains finite.
III. APPLICATIONS
In this section, we will compare the pseudo-critical exponents as obtained in the previous section from the approximate Taylor series expansion performed around the pseudo-critical temperature with the relevant exact results for two paradigmatic exactly solved models shown in Fig. 2(a)-(b) , which can be rigorously mapped onto the effective Ising chain. More specifically, we will comprehensively explore the pseudo-transition of the spin-1/2 Ising-XYZ diamond chain [10] shown in Fig. 2(a) and the coupled spin-electron double-tetrahedral chain [9] depicted in Fig. 2(b) , respectively.
A. Ising-XYZ diamond chain
The spin-1/2 Ising-XYZ diamond chain has been introduced and exactly solved in Ref. [23] , whereas its pseudo-transition has been discovered and detailed examined in Refs. [10, 14] . This model schematically shown in Fig. 2(a) assumes a regular alternation of the Ising spins S i = 1/2 with a couple of the Heisenberg spins described by the Pauli spin operators σ α a(b),i (α = {x, y, z}), whereas the relevant Hamiltonian reads
Mobile electrons The former two models belong to a class of one-dimensional models shown in Fig. 1 , which can be rigorously mapped onto the effective Ising chain. The latter two models do not belong to this class.
Above, the parameter J 0 denotes the Ising exchange interaction between the nearest-neighbor Ising and Heisenberg spins, the XYZ exchange coupling between the nearest-neighbor Heisenberg spin pairs is given by three coupling constants: J z corresponding to the zcomponent, J corresponding to the xy-component and γ being the XY-anisotropy. Besides, the effect of external magnetic field h (h 0 ) acting on the Heisenberg spins (Ising spins) is considered as well.
It turns out that the free energy (5) of this model can be expressed in terms of the relevant Boltzmann factors, which are given by the following relations (see Ref. [14] for further details)
with ∆ n = (h + J 0 n) 2 + 1 4 J 2 γ 2 and n = −1, 0, 1. Typical temperature variations of the specific heat and correlation length of the spin-1/2 Ising-XYZ diamond chain are reported in Fig. 3 for the set of parameters J = 100, J z = 24, J 0 = −24, γ = 0.7, and h = 12.7, which are consistent with emergence of a pseudo-transition at the pseudo-critical temperature T p = 0.37262119. The readers interested in further details concerning the specific heat and correlation length are referred to Ref. [14] . In Fig. 3(a) the specific heat C(T ) is plotted against temperature T , whereas a solid line represents exact results as given in Refs. [10, 14] and a dotted line denotes Taylor series expansion around the pseudo-critical temperature as given by Eq. (23) . The temperature dependence of ln(C(τ )) versus ln(|τ |) depicted in Fig. 3(b) verifies existence of intermediate temperature range, where the specific heat follows the power law (a straight line in loglog scale) with the critical exponent α = α ′ = 3. Exact results for the specific heat are indeed consistent with ln(C(τ )) = −3 ln(|τ |) − 31.37 as obtained from Taylor series expansion given by Eq. (23) . Furthermore, the correlation length ξ(T ) is displayed against T in Fig. 3(c) , where the relevant exact results are depicted by a solid line and the Taylor series expansion given by Eq. (17) by a dotted line. It can be seen from ln(ξ(τ )) vs. ln(|τ |) dependence shown in Fig. 3(d) that the correlation length follows sufficiently close but not too close to a pseudocritical temperature the power law with the critical exponent ν = ν ′ = 1. In fact, the exact results reported in Refs. [10, 14] are in reasonable accordance with the Taylor series expansion as given by Eq. (17) illustrated as a straight dotted line.
Last but not least, the magnetic susceptibility χ I (T ) of the Ising spins is displayed in Fig. 4(a) as a function of temperature T , whereas a solid line refers to exact results derived in Refs. [10, 14] and a dotted line labels asymptotic expression as obtained from Taylor series expansion given by Eq. (26). The magnetic susceptibility shown in Fig. 4(b) in the form ln(χ I (τ )) against ln(|τ |) plot corroborates an intermediate temperature range, where the magnetic susceptibility follows the power law with the critical exponent γ = γ ′ = 3. The dotted line, which was obtained from Taylor series expansion given by Eq. (26) with the asymptotic form ln(χ I (τ )) = −3 ln(|τ |)−26.667, is in this temperature range in a plausible agreement with the exact results. Similar findings hold for the magnetic susceptibility of the Heisenberg spin χ H (T ), which is illustrated in Fig.4(c) and 4(d) . However, it is worth noticing that the magnetic susceptibility of the Ising spins follows the relevant power-law function in a wider temperature region as compared to the magnetic susceptibility of the heisenberg spins.
It could be concluded that the specific heat, magnetic susceptibility and correlation length of the spin-1/2 Ising-XYZ diamond chain driven sufficiently close but not too close to a pseudo-critical temperature are characterized by the power-law functions with the critical exponents α = α ′ = 3, γ = γ ′ = 3 and ν = ν ′ = 1. Of course, this description inevitably breaks down at the pseudocritical temperature as the system does not exhibit actual divergence of the relevant physical quantities.
B. Spin-electron double-tetrahedral chain
Next, let us consider a coupled spin-electron model on a double-tetrahedral chain schematically depicted in Fig.  2(b) , in which one localized Ising spin situated at nodal site regularly alternates with a triangular plaquette composed of three decorating sites available to two mobile electrons. This one-dimensional spin-electron system has been introduced and exactly solved in Ref. [9] , where the outstanding temperature dependencies of several physical quantities mimicking a phase transition were also reported. The coupled spin-electron model on a doubletetrahedral chain can be defined as a sum over block
whereas each block Hamiltonian H k involves all the interaction terms connected to two mobile electrons delocalized over the kth triangular plaquette
(n kj,↑ − n kj,↓ ).
Here, c † kj,α and c kj,α label standard fermionic creation and annihilation operators for mobile electrons from the kth triangular plaquette with spin α = ↑ or ↓, n kj,α = c † kj,α c kj,α is the respective number operator and σ z k = ±1/2 denotes the Ising spin situated at the kth nodal site. The hopping term t > 0 accounts for the kinetic energy of mobile electrons delocalized over triangular plaquettes, the Coulomb term U > 0 is energy penalty for two electrons with opposite spins situated at the same decorating site and the coupling constant J determines the Ising-type nearest-neighbor interaction between the localized Ising spins and the mobile electrons. Finally, the Zeeman's terms h I and h e account the magnetostatic energy of the localized Ising spins and mobile electrons in a static magnetic field.
A diagonalization of the block Hamiltonian (32) gives a full energy spectrum (see Eq. (5) in Ref. [9] ), whereas the resulting expression for the relevant Boltzmann factor obtained from this complete set of eigenvalues reads It has been argued in Ref. [9] that the coupled spinelectron double-tetrahedral chain given by the Hamiltonian (32) mimics a phase transition at the pseudo-critical temperature
To illustrate the case, we depict in Fig. 5 typical temperature variations of the specific heat and correlation length by assuming the set of interaction parameters t = 8.5, U = 20, J = 20 and h e = h I = 20, which lead to a pseudo-transition at the pseudo-critical temperature T p = ( √ 3681 − 60)/(ln 4) ≈ 0.4842011. Fig. 5 (a) compares exact results for temperature dependence of the specific heat C(T ) (solid line) derived according to Ref. [9] with the asymptotic formula (23) derived from Taylor series expansion around the pseudo-critical temperature (dotted line). It turns out that the specific heat actually follows sufficiently close but not too close to the pseudocritical temperature the power law with the critical exponent α = α ′ = 3 as it is evidenced by a straight dotted (17) with the pseudo-critical exponent ν = ν ′ = 1 if temperature is set sufficiently close but not too close to a pseudo-critical one.
Finally, exact results (solid line) for temperature variations of the magnetic susceptibility of the Ising spins χ I (T ) depicted in Fig. 4(a) are in plausible concordance with the asymptotic expression (26) obtained from Taylor series expansion around the pseudo-critical temperature. In addition, ln(χ I (τ )) against ln(|τ |) plot displayed in Fig. 4(b) verifies existence of an intermediate temperature region, where exact results for the susceptibility (solid line) follow the power law ln(χ I (τ )) = −3 ln(|τ |)−38.4009 with the critical exponent γ = γ ′ = 3 (dotted line) obtained from Taylor series expansion (26). Analogously, the magnetic susceptibility of the mobile electrons is shown in Fig.4(c) and 4(d) , where a similar coincidence is found with the power-law dependence characterized through almost the same constants ln(χ e (τ )) = −3 ln(|τ |) − 38.4995.
To summarize, it has been found that the specific heat, magnetic susceptibility and correlation length of the coupled spin-electron double-tetrahedral chain are governed in a close vicinity of the pseudo-critical temperature by the power-law functions, which are characterized by the same set of pseudo-critical exponents α = α ′ = 3, γ = γ ′ = 3 and ν = ν ′ = 1 as reported previously for the spin-1/2 Ising-XYZ diamond chain even though both one-dimensional lattice-statistical models are very different in their nature.
IV. "PSEUDO-CRITICALITY" OF OTHER ONE-DIMENSIONAL MODELS
In this section, we will comprehensively explore the pseudo-critical exponents of other one-dimensional lattice-statistical models, which cannot be in principle mapped onto the effective Ising chain. It will be demonstrated hereafter that the pseudo-critical exponents of other paradigmatic examples of one-dimensional models displaying a pseudo-transition at finite temperatures will remain the same, which indicates a certain universality of the pseudo-transitions. More specifically, we will exactly validate pseudo-critical exponents of the spin-1/2 Ising-XXZ two-leg ladder [11] and the spin-1/2 Ising-XXZ three-leg tube [12] , respectively.
A. Ising-XXZ two-leg ladder
First, let us examine pseudo-critical exponents of the the spin-1/2 Ising-XXZ two-leg ladder with regularly alternating Ising and Heisenberg rungs as schematically represented in Fig. 2(c) . The Hamiltonian of the investigated one-dimensional spin system can be expressed by
with
Here, S α γ,i (α = {x, y, z}) denote three spatial components of the spin-1/2 operator pertinent to two Heisenberg spins γ = {a, b} from the ith rung and σ γ,j = ±1/2 refer to two Ising spins γ = {a, b} from the jth rung (see Fig. 2(c) for a schematic illustration) . The exchange constants J 0 and J 1 label the Ising intra-rung and intraleg interactions, while the XXZ Heisenberg intra-rung interaction is determined by its xy-component J x and z-component J z . It has been proved in Ref. [11] that the spin-1/2 Ising-XXZ two-leg ladder can be rigorously mapped onto the mixed spin-3/2 and spin-1/2 Ising-Heisenberg diamond chain, which can be subsequently exactly solved within the transfer-matrix method. In a consequence of that, one can obtain the exact expression for the free energy of the spin-1/2 Ising-XXZ two-leg ladder (see Eq. (40) in Ref. [11] ), which is formally identical with the formula (5) of the effective Ising chain depending on three different Boltzmann's factors. Owing to this fact, the spin-1/2 Ising-XXZ two-leg ladder may display a similar pseudo-transition as the one-dimensional models studied in the previous section whenever the three effective Boltzmann's factors satisfy the condition (6).
To support this statement, the specific heat of the spin-1/2 Ising-XXZ two-leg ladder is displayed in Fig. 7(a) a function of temperature for the fixed values of the interaction constants J 0 = 25, J x = 21.8, J z = 25 and J 1 = −30 being responsible for a pseudo-transition at the pseudocritical temperature T p = 0.186778. The solid line corresponds to the exact results derived according to Ref. [11] , while the dotted line denotes the relevant powerlaw function. Temperature variations of the specific heat, which are shown in Fig. 7(b) in the form of ln(C(τ )) versus ln(|τ |) plot, bear evidence that the massive rise of the specific heat sufficiently close but not too close to the pseudo-critical temperature is driven by the powerlaw function ln(C(τ )) = −3 ln(|τ |)−22.2 being consistent with the pseudo-critical exponents α = α ′ = 3. From this perspective, the critical exponents of the spin-1/2 Ising-XXZ two-leg ladder belong to the same universality class as reported previously for the one-dimensional latticestatistical models, which can be rigorously mapped onto the effective Ising chain. 
B. Ising-XXZ three-leg tube
Second, we will also investigate a pseudo-transition of the spin-1/2 Ising-XXZ three-leg tube [12] shown in Fig. 2(d) , which takes into account the XXZ intratriangle interaction between the spins from the same triangular unit and the Ising inter-triangle interaction between the spins from neighboring triangular units. The Hamiltonian of the spin-1/2 Ising-XXZ three-leg tube is defined as
where S α i,j (α ∈ {x, y, z}) denote three spacial components of the spin-1/2 operator, the first subscript i specifies a triangular unit in the three-leg tube and the second subscript j determines a position of individual spin in a given triangular unit. The coupling constants J x and J z denote the XXZ intra-triangle interaction between the spins belonging to the same triangular unit, while the other interaction term J 1 refers to the Ising inter-triangle interaction between the spins from neighboring triangular units.
It is worthwhile to remark that the spin-1/2 Ising-XXZ three-leg tube is fully quantum one-dimensional model because each spin of the three-leg tube is involved in two XXZ exchange interactions and six Ising interactions. In spite of this fact, the spin-1/2 Ising-XXZ three-leg tube is still exactly solvable within the classical transfer-matrix method because the total spin on a triangular unit represents locally conserved quantity with well defined quantum spin numbers [12] . The free energy and full thermodynamics of the spin-1/2 Ising-XXZ three-leg tube has been reported in our previous work [12] to which the readers interested in further details are referred to. It is nevertheless worth noticing that the exact result for the free energy of the spin-1/2 Ising-XXZ three-leg tube given by Eq. (12) of Ref. [12] has similar structure as the formula (5) In what follows, our attention will be limited to a detailed analysis of a pseudo-transition of the spin-1/2 Ising-XXZ three-leg tube, which is emergent at the following pseudo-critical temperature [12] 
For illustration, typical temperature variations of the specific heat of the spin-1/2 Ising-XXZ three-leg tube are depicted in Fig. 8 by considering the set of interaction parameters J 1 = 20, J z = 20 and J x = 39, which give rise to a pseudo-transition at the pseudo-critical temperature T p = 1/ ln 4 ≈ 0.7213475. Exact results for temperature dependence of the specific heat C(T ) (solid line) derived according to Ref. [12] indeed furnish evidence of the sizable peak, which follows the power-law dependence ln(C(τ )) = −3 ln(|τ |) − 31.73 if temperature is set sufficiently close but not too close to the pseudo-critical temperature. This result would suggest that the same pseudo-critical exponent α = α ′ = 3 drives the relevant temperature dependence of the specific heat of the spin-1/2 Ising-XXZ three-leg tube near the pseudo-critical temperature. It might be therefore quite reasonable to conjecture that there is just one unique set of pseudocritical exponents, which governs a pseudo-transition of one-dimensional lattice-statistical models of very different nature.
V. CONCLUSIONS
In the present work, we have examined in detail the pseudo-critical exponents of a general class one-dimensional lattice-statistical models displaying a pseudo-transition at finite temperatures, which can be rigorously solved through an exact mapping correspondence with the effective Ising chain. The usefulness and validity of this approach has been testified on two particular examples of exactly solved one-dimensional models. In addition, the pseudo-transitions of other two onedimensional lattice-statistical models with short-range and non-singular interactions were also dealt with. In any case the pseudo-transition of one-dimensional models is characterized by intense sharp peaks in the specific heat, magnetic susceptibility and correlation length, which are quite reminiscent of divergences accompanying a continuous (second-order) phase transition. It should be emphasized, however, that these intense sharp peaks are always finite (even though of several orders of magnitude high) and thus, they should not be confused with actual divergences accompanying true phase transitions.
Despite of this fact, it has been verified that the sizable peaks of the specific heat, magnetic susceptibility and correlation length follow close to a pseudotransition the power-law dependencies on assumption that temperature is sufficiently close but not too close to the pseudo-critical temperature. The pseudo-critical exponents of four paradigmatic exactly solved latticestatistical models, more specifically, the spin-1/2 Ising-XYZ diamond chain, the coupled spin-electron doubletetrahedral chain, the spin-1/2 Ising-XXZ two-leg ladder and the spin-1/2 Ising-XXZ three-leg tube, have turned out to be the same. Bearing all this in mind, it appears worthwhile to conjecture a new universality class for one-dimensional lattice-statistical models displaying a pseudo-transition at finite temperatures, which is characterized by the unique set of pseudo-critical exponents: α = α ′ = 3 for the specific heat, γ = γ ′ = 3 for the susceptibility and ν = ν ′ = 1 for the correlation length. The conjectured values of pseudo-critical exponents obviously violate the scaling relations satisfied at true phase transitions and hence, they might be of benefit for experimentalists in distinguishing true phase transitions from pseudo-transitions. A further test of this universality hypothesis on other specific examples of onedimensional lattice-statistical models (e.g. fully classical Ising or Potts models, fully quantum Heisenberg or Hubbard models, etc.) represents a challenging task for future work.
